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BRAIDED Zg-EXTENSIONS OF POINTED FUSION 

CATEGORIES 

JINGCHENG DONG 


Abstract. We classify braided Zq-extensions of pointed fusion cate¬ 
gories, where 5 is a prime number. As an application, we classify mod¬ 
ular categories of Frobenius-Perron dimension q^. 


1. Introduction 

Let k be an algebraically closed field of characteristic 0. By definition, a 
fusion category is a /c-linear semisimple rigid tensor category with hnitely 
many isomorphism classes of simple objects, finite-dimensional spaces of 
morphisms, and such that the unit object 1 is simple. We refer the reader 
to [3] for main notions and basic results on fusion categories. 

Let C be a fusion category and let G be a finite group with identity element 
0. A G-grading on C is a decomposition C = (Bg^aCg as a direct sum of full 
Abelian subcategory such that the dual functor * sends Cg into C^-i and the 
tensor product (8) : C x C —)• C maps Cg x into Cgh ■ 

The grading C = (BgecCg is called faithful if Cg / 0 for all g G G. If C has 
a faithful G-grading and Cq = D then C is called a G-extension of P. 

Group extensions of fusion categories paly important roles in classifying 
fusion categories and have been intensively studied by several authors laEi 
0]. An important class of group extensions is the Zg-extensions of pointed 
fusion categories, where q is a prime number. By a pointed fusion category 
we mean a fusion category whose simple objects are all invertible. Several 
typical examples of Zg-extensions of pointed fusion categories are recalled 
in Section [2j 

The main work of this paper is to classify braided Zg-extensions of pointed 
fusion categories. Let C be a braided Zg-extension of a pointed fusion cat¬ 
egory. Suppose that C is not pointed. We prove that C is equivalent to a 
Deligne tensor product B where ^8 is a pointed fusion category, C is a 
fusion category of q power dimension. In particular, £ is of type (1, m; a, n) 
for some positive integers m, n and is a power of q. Suppose further that 
C is modular. Then we prove that C is eqnivalent to a Deligne tensor product 
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BMX, where is a pointed modular category and X is an Ising category. Fi¬ 
nally, we apply these results to modular categories of Frobenius-Perron (FP) 
dimension , and prove that this class of modular categories are equivalent 
to BMX, where .S is a pointed modular category of FP dimension 2, X is an 
Ising category. 


2. Preliminaries and Examples 

Let C = be a faithful grading on C. Then the FP dimensions 

of Cg are all equal [3], Proposition 8.20], and hence we have FPdim(C) = 
|G| FPdim(Co)) where we denote by FPdim(C) the FP dimension of C. 

We denote by Irr(C) the set of non-isomorphic simple objects of C, and 
by IrrQ,(C) the set of non-isomorphic simple objects of FP dimension a. 
The adjoint subcategory Cad is the full tensor subcategory of C generated by 
simple objects in X®X*, for all X £ Irr(C). The rank of C is the cardinality 
of the set Irr(C). 

Every fusion category C has a unique faithful grading C = ®g^u{C)^g such 
that Cq = Cad- This grading is called the universal grading of C and the group 
U(C) is called the universal grading group of C. This grading is universal 
because any faithful grading C = (Bg^cCg comes from a surjective group 
homomorphism U(C) —)• G. This universal property implies the following 
result: 

Lemma 2.1. Let C = (Bg^cCg be a faithful grading on C. Then Cad ^ Co- 

A fusion category C is called integral if FPdim(A) is an integer for all 
objects X in C, where FPdim(A) denotes the FP dimension of X. A fusion 
category C is called weakly integral if FPdim(C) is an integer. Let C be a G- 
extension of a pointed fusion category T>. Then FPdim(C) = |G| FPdim(P), 
and hence C is weakly integral since FPdim(P) is an integer. 

Let Cpt denote the fusion subcategory generated by all invertible simple 
objects of C. Then Cpt is the largest pointed fusion subcategory of C. All 
non-isomorphic invertible objects of C form a group with multiplication given 
by tensor product. We denote this group by G(G). The group G(G) acts 
on the set Irr(C) by left tensor multiplication, and this action preserves FP 
dimension. For X G Irr(C), we use G[A] to denote the stabilizer of X under 
this action. 

We now discuss some examples of Zg-extensions of pointed fusion cate¬ 
gories. 

Example 2.2. (Generalized Tambara-Yamagami fusion categories) Let C 
be a fusion category. If C is not pointed and X is a direct sum of 
invertible objects, for all non-invertible simple objects Y, Y G C, then C is a 
generalized Tambara-Yamagami fusion category. 

Generalized Tambara-Yamagami fusion categories were classified in [7], 
up to equivalence of tensor categories, and then were further studied in [9] . 
By [9], there exists a normal subgroup N of G{C) such that G[Y] = N, for 
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all non-invertible simple objects X. This implies that FPdim(X) = -^|A^| 
for all non-invertible simple objects X. The rank of C is [G{C) : A^](l -|- | A^|), 
and hence FPdim(C) = 2|G(C)|. This implies that C is a Z 2 -extension of a 
pointed fusion category generated by G{C). 

Example 2.3. (Tambara-Yamagami fusion categories) Let C be a general¬ 
ized Tambara-Yamagami fusion category. If Y = G{C) then the rank of C\ 
is 1. Then we can write Irr(C) = G{C) U {Y}, where X is the unique non- 
invertible simple object of C. In this case, C is called a Tambara-Yamagami 
fusion category. This class of fusion categories were classified in m- 

Example 2.4. (Ising fusion category) Let C be a generalized Tambara- 
Yamagami fusion category. If the order of G{C) is 2 and N = G{C) then C 
is called an Ising fusion category. It is well known that any Ising category 
admits a structure of braided category. This class of fusion categories were 
classified in [H Appendix B]. 

Example 2.5. A fusion category C is called nilpotent if there is a sequence 
of fusion categories Vecfc = Cq Ci C ■ ■ ■ Cn = C and a sequence of finite 
groups Gi, • • • , Gn such that Ci is obtained from Ci-i by a Gj-extension, for 
all 1 < i < n. If the groups Gi, • • • , Gn can be chosen to be cyclic of prime 
order then C is called cyclically nilpotent. 

Let C be a cyclically nilpotent fusion category, and let Co,Ci,--- ,Cn, 
Gi,--- ,Gn be the corresponding fusion subcategories and finite groups. 
Since Cq is the trivial fusion category and Ci is a Zp-extension of Cq for 
some prime number p, Ci is a pointed fusion category. It follows that C 2 is 
a Zq-extension of a pointed fusion category (Ci) for some prime number q. 

Lemma 2.6. Let q be a prime number and let C = (Bgez^Cg be a faithful 
grading of C. Assume that the trivial eomponent Cq is pointed. Then 

(1) The adjoint subcategory Cad is pointed; 

(2) C is pointed, or Cq = Cpt is the largest pointed fusion subeategory of 

C. 

Proof. (1) By Lemma [2Tl Cad is contained in Cq. Hence, Cad is pointed. 

(2) Since Cpt is the unique largest pointed fusion subcategory of C, Cpt 
contains Cq as a fusion subcategory. This fact shows that FPdim(Co) di¬ 
vides FPdim(Cpi) [U Proposition 8.15]. On the other hand, FPdim(C) = 
gFPdim(Co)- These facts imply that FPdim(Cpt) = FPdim(Co) or gFPdim(Co) 
The first case means that Cq = Cpt, and the second case means that C = Cpt 
is pointed. □ 

Lemma 2.7. LetC be a Zg-extension of a pointed fusion category. Assume 
that C is not pointed. Then C is a generalized Tambara-Yamagami fusion 
category if and only if q = 2. 

Proof. Let C = (Bgez^Cg be the Zg-extension. If g = 2 then Lemma 12.61 
shows that Cq = Cpt is the largest pointed fusion subcategory of C, and 
hence all non-invertible simple objects are contained in Ci. Let X,Y be 
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non-invertible simple objects of C. Then X 0 T is contained in Cq, which 
means that X is a direct sum of invertible simple objects. Hence, C is 
a generalized Tambara-Yamagami fusion category. 

Conversely, if C is a generalized Tambara-Yamagami fusion category then 
FPdim(C) = 2|G(C)| by Example 12.21 On the other hand, FPdim(C) = 
g'FPdim(Co) = q\G{C)\ by Lemma [T6l Hence q = 2 as claimed. □ 

3. Main results 

Recall that a fusion category C is braided if it has a natural isomorphism 
cxY '■ X®Y -^Y®X, for all Y, Y in C, which satisfies the hexagon axioms 

[ 6 ]: 

Let 1 = (Iq < di < ■ ■ ■ < dshe positive real numbers, and let no, ni, • • • , n* 
be positive integers. A fusion category is said of type {do, no; di, ni; • • • ■,ds,ns) 
if Tii is the number of the non-isomorphic simple objects of Frobenius-Perron 
dimension dj, for all 0 < f < s. 

Theorem 3.1. Let C be a braided 'Lq-extension of a pointed fusion category. 
Suppose that C is not pointed. Then C = , where B is a pointed fusion 

category, £ is a fusion category of q power dimension. In particular, £ is of 
type {l,m-,a,n) for some positive integers m,n and is a power of q. 

Proof. Let Xi,X 2 , - ■ ■ ,Xs be a list of all non-isomorphic simple objects 
of C such that 1 < FPdim(Yi) < ••• < FPdim(Ys). We may say that 
FPdim(Yi) = o. for some positive real number a. By Lemma 12.11 and 
Lemma [T 6 l Cad Y Co = Cpf So X\ ® X* is contained in Cpt, and hence the 
stabilizer G'[Yi] of Xi under the action of G[C] is of order . Let V be 
the fusion subcategory generated by simple objects in G\Xi]. It is a pointed 
fusion subcategory of C with FP dimension . 

Let be the commutator of P in C; that is, is the fusion subcategory 

of C generated by all simple objects X of C such that X 0 X* is contained 
in P [5]. Clearly, all invertible objects and Xi are contained in P“, which 
means that FPdim(P“) > FPdim(Cpi)-|-a^. On the other hand, FPdim(Cpt) 
divides FPdim(P“) and FPdim(P'^°) divides FPdim(C) = ( 7 FPdim(Cpt). 
This implies that FPdim(P“) = FPdim(C). Hence, we must have that 
P“ = C. 

By U Lemma 4.15], Cad = {T'^°)ad Y P. On the other hand. Cad has 
FP dimension at least since Xi ® X^ is contained in it. It follows that 
Cad = P- Since Cad has FP dimension o?, C can not have simple objects 
with FP dimension greater than a. In other words, the FP dimensions of 
simple objects of C can only be 1 or a. 

Since C is braided and nilpotent, [U Theorem 1.1] shows that we have 
a decomposition C = KIp.Cp., where Cp. is a fusion subcategory of prime 
power dimension. The simple object X of C has the form X = ( 8 )p.Yp., 
where Xp. is a simple object of Cp.. So if there exist Cp. and Cp^ such 
that they both contain non-invertible simple objects, then the number of 
distinct FP dimensions of simple objects of C is at least 3. This contradicts 
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the results obtained above. Therefore, there is only one subcategory in the 
decomposition of C such that it contains non-invertible simple objects. So 
C has the decomposition C = B^£, where .S is a pointed fusion category, £ 
is a fusion category of a prime power dimension. In particular, £ is of type 
(l,m;a,re) for some positive integers m, n. We shall prove that FPdim(T) 
is a power of q. 

Assume that FPdim(T) = for some prime number p, and hence we 
may assume that FPdim(Tpt) = p* for some 0 < i < a — 1. Lemma 12.611 2) 
and our assumption show that Cq = Cpt, and hence Cq = B ^ £pt. 

On the one hand, FPdim(C) = qFPdim(Co) since C is a Z^-extension of 
Cq. On the other hand, FPdim(C) = FPdim(i3) FPdim(T) since C has the 
decomposition B^ £. Hence, we have 

FPdim(H) FPdim(T) = gFPdim(Co); 

FPdim(H)p“ = gFPdim(i3)p*; 

p^ = q-p\ 

This means that p = q and i = a — 1. So FPdim(T) is a power of q. Finally, 
[U Theorem 2.11] shows that c? is a power of q. □ 

Corollary 3.2. LetC be a braided "Lq-extension of a pointed fusion category. 
Then 

(1) If C is not integral then C is a generalized Tamhara- Yamagami fusion 
eategory. In this ease C = B ^ £, where B is a pointed fusion eategory, £ 
has FP dimension 2^ for some k. 

(2) If q > 2 then C is integral. 

Proof. (l)Let C = (Bg^i((^c)^g be the universal grading of C. Then c? = 
FPdim(Cp) for all g G Z^(C), by the proof of Theorem 13.11 It follows that 
every component Cg either contains only one simple object with FP dimen¬ 
sion a, or contains o? non-isomorphic invertible simple objects. This hence 
implies that, for any X,Y G Irr„(C), A (8) H is either a direct sum of o? 
invertible simple objects, or a direct sum of a copies of a simple object with 
FP dimension a. Note that the later case holds true if and only if C is 
integral. Hence, if C is not integral then A (8) H is a direct sum of invertible 
simple objects, so C is a generalized Tambara-Yamagami fusion category. 

Let £ be the braided fusion category of q power dimension in Theorem 
EH and let FPdim(T) = for some k. Since C is not integral then £ is not 
integral. This happens only if g = 2 [5l Corollary 3.11]. 

(2) Suppose on the contrary that C is not integral. Then C is a generalized 
Tambara-Yamagami fusion category by Part (1), and hence q = 2. This is 
a contradiction. □ 

Recall that a fusion category is called group-theoretical if it is Morita 
equivalent to a pointed fusion category. 

Remark 3.3. If C is integral then C is a group-theoretical fusion category 
by [D Theorem 6.10], sinee C is braided and nilpotent of nilpotency class 2. 
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Let C be a braided fusion category, and P be a fusion subcategory of C. 
The Miiger centralizer of P in C is the fusion subcategory 

V' = {X G C\cy,xcx,y = idx^Y, for all Y G P}. 

The Miiger center Z 2 iC) of C is the Miiger centralizer of C itself. A braided 
fusion category C is non-degenerate if its Miiger center 22(C) is trivial. A 
braided fusion category is premodular if it has a spherical structure. By [3l 
Proposition 8.23, 8.24], any weakly integral fusion category is premodular. 
Hence a weakly integral braided fusion category is modular if and only if it 
is non-degenerate. In particular, if C is a braided G-extension of a pointed 
fusion category then C is modular if and only if it is non-degenerate. 

Theorem 3.4. LetC he a^jq-extension of a pointed fusion category. Assume 
in addition that C is modular. Then C fits into one of the following classes: 

(1) C is pointed; 

(2) C = BMZ, where B is a pointed modular category and Z is an Ising 
category. 

Proof. We may assume that C is not pointed. Since C is modular, we have 
U{C) = G{C) O Theorem 6.2]. It follows that the order of U{C) is equal 
to |G(C)| = FPdim(Cpt). Let C = (BgeZqCg be the Zg-extension. By Lemma 

ESI 

FPdim(Cpi) = FPdim(Co), 

and hence 

FPdim(C) = gFPdim(Co) = O'FPdim(Cpt). 

On the other hand, 

FPdim(C) = \U{C)\ FPdim(Cg) = FPdim(Cpt) FPdim(Cg), 

for any g G hl{C). Hence, every component of the universal grading has FP 
dimension q. In particular, Cad has FP dimension q. 

Let A be a non-invertible simple object of C. Then the proof of Theorem 
[Q shows that FPdim(Ca^) = FPdim(A)^, which means that FPdim(A) = 
y^. Since g is a prime number, ^/q is not an integer, and hence C is not 
integral. By Corollary 13.21 C is a generalized Tambara-Yamagami fusion 
category. Therefore C = B^Z as described above, by m Theorem 5.4]. □ 

Corollary 3.5. Let q be a prime number and let C he a modular category 
of FP dimension q^. Then 

(1) C is pointed, or 

(2) C = BMZ, where B is a pointed modular category of FP dimension 
“2, Z is an Ising category. 

Proof. O Theorem 8.28] shows that C is a Zg-extension of a fusion category 
P, where P has FP dimension q^. By [H Proposition 8.32], P is either 
pointed or an Ising fusion category. 
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If T) is pointed then Theorem l.l.dl shows that C is either pointed, or equiv¬ 
alent to BMX, where B is a pointed modular category of FP dimension 2, 
X is an Ising category. 

If V is an Ising fusion category then P is a modular category by [2 
Corollary B.12]. By Miiger’s Theorem [8l Theorem 4.2], C is equivalent to 
where V is the Miiger centralizer of T). Again by Miiger’s Theorem, 
V is a modular category since C is modular. Finally, V is a pointed fusion 
category by [U Corollary 8.30] since its FP dimension is 2. □ 
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